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ABSTRACT

GRPO shares a response-level advantage across tokens,

leaving unresolved how strongly each

token should contribute to learning. Updates induced by the shared advantage reinforce or suppress
the sampled token at each position, but these updates do not always point toward increasing reward
at the token level. This motivates a work-based view of credit: just as work depends on the

component of force along a displacement, token credit

should reflect the local reward change

along the policy update direction. We introduce Direction-Aware Token Credit Assignment

(DATC), which maps frozen reward-model gradients into

policy logit space and allocates weights

by evaluating the alignment between the reward direction and GRPO’s signed sampled-action
update direction, while preserving the sign and mean of the response-level advantage. DATC
outperforms GRPO in all four settings across two model families.

1 Introduction

Preference alignment of language models relies on evaluating com-
plete responses: determining whether a response is useful or fol-
lows instructions often requires contextual judgment. A reward
model (RM) converts such judgments into response-level scores,
which reinforcement learning uses to improve the generation pol-
icy (Zhong et al., 2024). Group Relative Policy Optimization
(GRPO) (Shao et al., 2024) reinforces better responses and sup-
presses worse ones based on their relative rewards for the same
input. Within a response, all positions share a response-level ad-
vantage coefficient, which reinforces or suppresses sampled tokens
with the same coefficient. However, a shared response-level advan-
tage does not imply that updates at all token positions are equally
beneficial (Ren et al., 2026; Wang et al., 2026). The credit assign-
ment problem studied here is how to allocate learning strength ac-
cording to the reward utility of each position’s update.

Existing studies of token-level credit assignment mainly follow two
approaches. One uses reward-model signals to assign token credit:
RED (Li et al., 2025) redistributes response-level rewards using dif-
ferences between successive prefix scores, while P2T (Wu et al.,
2026) uses RM input gradients to approximate the effects of token

Q: Name two mammals.

Higher reward

Does every token update do positive work?

Figure 1: A work-based view of token credit.
DATC assigns larger weights to token updates
with higher predicted local reward gains.

replacement. The other derives the relative util-

ity of token updates from optimization objectives. Examples include VCORE (Gong et al., 2026), which evaluates

token utility in SFT through gradient alignment, and DelTA (Zhan

g et al., 2026a), which adjusts RL updates using

the gradient structure of positive and negative advantages. We further focus on local reward utility along the GRPO
update direction under the current policy. To this end, we propose Direction-Aware Token Credit Assignment
(DATC). DATC adopts a work-based view of credit: it allocates learning strength within a response by evaluating
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the work done by the current token’s signed update direction (force) along the RM reward-improvement direction
(displacement direction).

To turn this work-based view of credit into a computable token signal, we characterize the reward displacement
direction and the force of the policy update in the same logit space. Specifically, our surrogate analysis starts from
minimizing the negative RM reward in the end-to-end actor—RM process. On a fixed sampled response, we use a
straight-through (ST) surrogate (Bengio et al., 2013) to connect discrete tokens to the frozen RM and propagate the
standardized reward gradient back to the actor’s logit space, obtaining the reward gradient g;. It characterizes the
direction and rate of local reward increase and corresponds to the reward-improving update “displacement” in the
work analogy. Meanwhile, the sampled action’s log-probability gradient k; characterizes the direction that increases
its probability. The response-level advantage determines whether to reinforce along this direction or suppress in
the opposite direction, thereby specifying the “force” of the policy update. We thus consider the following local
question: when logits are updated along the direction induced by GRPO, how much work does the update’s
“force” do along the reward-improving displacement? In a local surrogate model with independent logits, a
first-order expansion yields directional credit d; = (g, k). After accounting for the update direction and scale, the
predicted standardized reward increment at position ¢ is (/T")Ad;. Hence, after removing the common step-size
factor, Ad; measures the signed predicted work of this token update: a positive value indicates an increase in the local
surrogate reward, whereas a negative value indicates a decrease. DATC allocates training shares within a response
accordingly, assigning larger weights to positions with higher signed predicted work. KL regularization controls the
allocation’s deviation from original GRPO, yielding the final token-level advantage:'

Ay = AT softmax,(Ad/T) |

Furthermore, we prove that the end-to-end surrogate gradient has an advantage-weighted structure consistent with
REINFORCE, and that directional credit d; aggregates its local reward advantages along the sampled-action direction
of the current policy. These advantages describe each candidate action’s local reward difference relative to the
current policy’s average. They contribute to the position’s credit according to the directional relationship between
the candidate action and the sampled action. Figure 2 illustrates the overall DATC workflow. Our main contributions
are as follows:

* We propose Direction-Aware Token Credit Assignment, a GRPO token credit assignment method based on
a work-based view of credit. It allocates token-level advantages by combining the local reward direction
with the sampled-action direction of the current policy.

* We prove that the end-to-end surrogate gradient has an advantage-weighted structure consistent with REIN-
FORCE (Williams, 1992), and that DATC’s directional credit aggregates advantages defined by the RM’s
local linear reward model along the sampled-action direction of the current policy.

* Across Base and Instruct settings of the Qwen3-14B and Llama-3.1-8B model families, DATC achieves
higher mean scores than GRPO on all four evaluation metrics. Ablations further support the key roles of
directional information and the correspondence between weights and positions in these performance gains.

2 Related Work

Fine-grained rewards and value estimation. Prior work obtains fine-grained feedback through process supervi-
sion (Lightman et al., 2024), implicit process rewards (Yuan et al., 2024; Cui et al., 2025), and token-level reward
learning for policy optimization (Chen et al., 2025; Zhong et al., 2024). Other methods estimate conditional val-
ues and gains in success probability from sampled continuations (Kazemnejad et al., 2024; Guo et al., 2026; Setlur
et al., 2025). Building on these fine-grained evaluations, we further study how to allocate group-relative advantages
according to the local reward effects of token updates.

Token credit from model-internal signals. Policy entropy, attention, and differences in prefix scores have been
used for token selection and reward shaping (Chan et al., 2024; Li et al., 2025; Tan et al., 2025). Gradient attribution
from reward or judge models and final-answer sensitivity also inform token credit and advantage reshaping (Wu
et al., 2026; Zhang et al., 2026b; Li et al., 2026; Pala et al., 2026). Policy updates redistribute probability among
competing candidate tokens. Evaluating the reward effect of reinforcing or suppressing a sampled token therefore
requires connecting input importance to this probability adjustment.

' A is the response-level advantage, and T' softmax;(Ad/T) gives the direction-aware token weights. T is the number of
valid response tokens, and 7 is the allocation temperature for that response.
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Figure 2: Overview of DATC. DATC combines the reward-improvement direction with the GRPO update direction
to allocate token-level advantages, assigning larger weights to updates with higher predicted local reward gains.

Token reweighting from optimization objectives. Recent studies derive token weights from effects on correct-
response likelihood (Ren et al., 2026; Deng et al., 2026), discriminative gradient information (Zhang et al., 2026a),
and the gradient utility of supervised losses (Gong et al., 2026). FACTOR (Ma et al., 2026) uses feedback-
conditioned likelihood differences to distribute action-level credit among tokens. Continuous relaxations (Jang et al.,
2016; Maddison et al., 2016) and straight-through (ST) estimation (Bengio et al., 2013) provide surrogate gradients
for discrete decisions. Using surrogate reward gradients, DATC estimates first-order changes in reward along signed
GRPO update directions and allocates token-level advantages accordingly.

3 Method

DATC (Direction-Aware Token Credit Assignment) evaluates the local reward utility of updates at each position
through the inner product between the reward-improvement direction and GRPO’s signed update direction. It uses
this utility to construct token credit and allocate advantages. The reward-improvement direction is provided by the
end-to-end actor-RM surrogate gradient.

3.1 Displacement and Force in Logit Space

Our objective is to improve the RM reward of actor-generated responses, namely to maximize J(f) =
Eyn, yrmo(-|2) [ (7, y)]. We construct an end-to-end surrogate loss from the negative RM reward to character-

ize the reward-improvement direction in the actor’s logit space. Let E@ denote the input embeddings connecting the
actor’s outputs to the RM. This loss is

[/eZe(e;xvy) = _R¢(-T7E9)~ (1)

The key to this connection is discrete sampling. The actor outputs a probability distribution over candidate tokens,
whereas the RM receives specific tokens sampled from it. We use a straight-through (ST) surrogate (Bengio et al.,
2013) to specify a usable backward rule for this path while retaining the score of the actual response. Consider a
sampled response y = (ay, ..., ar). Given its sampled prefix a, the policy distribution at position ¢ is p; = mg(- |
x,a<t) = softmax(¢;). The actor and RM use the same tokenizer with aligned token IDs, establishing a one-to-
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one correspondence between dimensions of the candidate-token probability vector and rows of the RM embedding
matrix. For the sampled token’s embedding e;, define”

& =W 'p, +sgle, —W'py). (2)

In the forward pass, e; = e;, so Equation (1) uses the RM score of the actual generated response. In the backward
pass, the probability branch maps a change dp; to an input perturbation W T 6p;, propagating the reward’s response
to its inputs back to the actor’s outputs through a differentiable surrogate path. RM parameters remain frozen
throughout. Applying the chain rule along this connection and differentiating in logit space yields

~ . b T
_vét‘ceQe = VetR - (J) ertR'

t

The input gradient is evaluated at the actual sampled response, and the hat denotes the surrogate derivative specified
by Equation (2). The sampled response and its prefixes remain fixed during differentiation.

Displacement in logit space. With reward improvement as the objective, the displacement points toward higher
reward in logit space. Consider a group of responses sampled by GRPO (Shao et al., 2024) for the same input. For
one response, let r be the response reward used for policy optimization and 7 the group mean. GRPO computes
the advantage A = (r — 7)/o using a reward normalization scale o; Appendix B.1 describes reward processing

in our experiments. We use the same o to standardize the reward response, writing g; = o=V, R.> This gives
the direction g; for increasing RM reward in logit space. It describes how the logits of candidate tokens in the
vocabulary can change to achieve higher local reward under this surrogate. The full theoretical analysis is given in
Appendix A.1.

Force in logit space. The response-level advantage determines whether to reinforce or suppress a sampled token,
corresponding in the analogy to the force that drives changes in the model’s outputs. Differentiating the sampled
token’s log probability with respect to the logits gives its score direction, ky = Vy, log pt(a:). Thus, k; is the
direction that increases the sampled token’s log probability, while the sign of A determines whether GRPO reinforces
along this direction or suppresses in the opposite direction.

Work in logit space. In a local model with independent logits, original GRPO uses the same advantage coefficient
for all tokens within a response and averages the policy terms across positions. Its policy gradient step in logit space
is 0¢; = nAk;/T.* Substituting this step into the first-order reward expansion gives

vy Ui T
A(R/o) = gj(%t = — Ag, ke 3)
S-Sl

This yields directional credit d;. It measures the agreement between the reward direction and the sampled-action
direction, accounting for their magnitudes as well. When d; > 0, increasing the sampled token’s log probability
has a positive local reward effect; when d; < 0, the opposite holds. The product Ad, further accounts for the actual
direction of reinforcement or suppression, indicating how this GRPO update is predicted to affect reward.

3.2 Aggregating Local Advantages along the Sampled-Action Direction
We now interpret directional credit through the reward advantages of candidate actions. The end-to-end surrogate

gradient can be decomposed exactly into a weighted sum of candidate actions’ score gradients. Define the centered
coefficient of the reward input gradient along a candidate token’s embedding direction as’

Cy(b) = <VetR7 Wy =Y pt(c)Wc> : (4)

W € RV*P is the RM input embedding matrix, sg denotes stop-gradient, and Eg = (€1, . ., er).

3The group mean and reward normalization scale are treated as constants when constructing credit.

“Here the importance ratio is 1, and clipping is locally in its linear regime.

W, denotes the RM embedding of candidate token b, and the input gradient is evaluated at the actual sampled response.
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C(b) describes the reward response of a candidate token relative to the current probability-weighted average em-
bedding. In the RM’s first-order linear reward model, C;(b)/c is the candidate token’s standardized advantage
relative to the current policy’s average reward, which we call the local reward advantage. Its derivation is given
in Appendix A.1. Using the chain rule, Vp = pV log p, and probability normalization, the descent direction of the
end-to-end loss can be written as

Ci(b)

1~ 1~
——VoLeze = —VoR = pi(b) Vo log py(b).
g g

g &)
——
local reward advantage
Equation (5) gives a policy gradient decomposition of the end-to-end surrogate gradient, with the same advantage-
weighted structure as REINFORCE (Williams, 1992). Here the action advantages are defined by the RM’s local
linear reward model. To see how these advantages relate to d;, we first differentiate with respect to the logits at
position ¢ along the same computational path:

gt = %Z Ci(b)Ve,pe(b) = Zpt(b) C;(b) Ve, log p(b).
b

b

Centering preserves the gradient because ), V,p;(b) = 0. Both the parameter-gradient and logit-gradient expres-
sions follow from this chain-rule expansion. Substituting the expression above into d; = (g:, k;) and using the
linearity of the inner product gives

log pt(b), Ve, logpi(az)) - (6)

dy = <Zpt( )C( >Vet log py (b > Zpt

b

Directional credit thus aggregates local reward advantages in the end-to-end gradient: each candidate token’s advan-
tage contributes to the final d; through the relationship between its score direction and the sampled-action direction.
DATC thereby converts end-to-end reward information into position-level credit for GRPO. Competition among
candidate tokens under the current policy is also encoded in these directions. Expanding the expression yields

1
dy = [pt at Ct at Zpt . )

The second term arises from the adjustment of all candidate probabilities induced by softmax normalization. The
full derivation and its relationship to shared-parameter updates are given in Appendix A.2.

3.3 Converting Directional Gains into Token-Level Advantages

Equation (3) connects each position’s update to the reward objective. We use this connection to allocate token
weights w, while keeping their within-response mean at 1. Each position thus continues to learn along GRPO’s
sampled-action direction; the allocation changes its share of the update.

In the same local model, the weighted update is §¢;(w) = nAw:k; /T, with predicted standardized reward increment
nA>, wedy/T. To assign larger shares to positions with higher gains while controlling the allocation’s deviation
from original GRPO, we solve

A T
gg}g {TZwtdt—TZwtlogwt}, 7> 0. )
Zt wy=T t t
Here w; /T is the share assigned to a position, and original GRPO assigns 1/7 to every position. The regularizer

is exactly the KL divergence between these two distributions of shares. Equation (8) has a unique optimum, which
directly gives the training weights and token-level advantages:

wy (1) = T softmax;(Ad/T), Ay = Aw} (7). )
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When A > 0, the allocation favors positions with larger d;. When A < 0, it favors positions with smaller d,
directing more suppression toward these tokens. The weights remain positive and have mean 1, preserving the sign
and mean scale of the response-level advantage.

Local gain property. For a fixed response and its A, d, at any finite 7 > 0, the predicted gain of Equation (9) over
original GRPO satisfies

—_—

A(R/o)(w") = A(R/o)(1) > T Zw log w} > 0. (10)

The original weights 1 are feasible in Equation (8), so the additional predicted gain of the optimal allocation is
sufficient to offset its KL cost. This property holds in the first-order surrogate model with independent logits in
Equation (3); the proof is in Appendix A.3. It connects the choice of training weights to local improvement in the
end-to-end reward.

Utility magnitudes vary across responses and over training, so a fixed temperature can produce substantially different
degrees of concentration. We use a hyperparameter A > 1 to control the maximum weight of an individual token.
Starting from temperature 1, we choose the smallest temperature satisfying the upper bound for each response:

Ti:min{rzlzmtaxw;(r)g)\}. (11)

Once T7; is selected, the weights remain optimal at the corresponding KL regularization strength, and Equation (10)
continues to hold. Temperature selection and its feasibility are described in Appendix A.4. The experimental allo-
cator uses within-response standardization and constrains weights to [1/A, A]. These operations preserve the same
KL-optimal allocation structure, as shown in Appendix A.S.

Finally, we cache A; as a fixed coefficient and substitute it into GRPO’s clipped policy objective, retaining the
baseline’s reference-policy KL term. One RM input backward pass provides reward gradients at all positions in a
response. These gradients, together with old-policy probabilities, determine the weights subsequently used for the
actor update. The complete training objective and algorithm are given in Appendix B.

4 Experiments

We evaluate DATC on general preference alignment to examine whether token credit assignment based on local
work improves policy optimization and generation quality. We consider Base and Instruct initializations in each of
two model families, yielding four experimental settings. Method comparisons and component ablations analyze the
roles of directional information, the correspondence between weights and positions, and allocation concentration.

4.1 Experimental Setup

Training setup. We perform online preference optimization using general-purpose instructions from UltraFeed-
back (Cui et al., 2023), with responses sampled by the policy model and scored by a frozen RM. The policy mod-
els are Qwen3-14B (Yang et al., 2025) and Llama-3.1-8B (Grattafiori et al., 2024), paired with tokenizer-aligned
Skywork-Reward-V2-Qwen3-8B (Liu et al., 2026) and Skywork-Reward-Llama-3.1-8B-v0.2 (Liu et al., 2024), re-
spectively. Each family is evaluated with two initializations: reinforcement learning starts from a model after
lightweight SFT in the Base setting and from the official instruction-tuned model in the Instruct setting. Within
each setting, DATC and GRPO share the training initialization, rollout budget, reward processing, and LoRA (Hu
et al., 2021) optimization settings, differing only in token-level advantage allocation.

Evaluation protocol. We evaluate the trained policies using four metrics. RM-Reward is the mean raw score
assigned by the frozen training RM on independent held-out prompts, with comparisons restricted to policies evalu-
ated by the same RM. AlpacaEval (Li et al., 2023) and Arena-Hard v2.0 (Li et al., 2024) report preference win rates
against reference responses on general open-ended instructions and challenging real-user prompts, respectively. MT-
Bench (Zheng et al., 2023) reports the mean score of multi-turn responses across tasks such as writing, reasoning, and
coding to assess overall response quality. Win rates are reported as percentages and their differences as percentage
points. Training and evaluation details and supplementary analyses are provided in Appendix C.
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Table 1: Main experimental results, with DATC reported as mean + standard deviation across three random seeds.

Method RM-Reward T AlpacaEval T Arena-Hardt MT-Bench 1
Qwen3-14B-Base

Initial -2.54 6.65 8.42 6.76
SFT 3.75 7.00 3.15 6.53
GRPO 10.87 37.39 28.49 7.70
DATC 13.35+0.16 4957+ 1.12 3931+1.79 7.99+0.05
Qwen3-14B-Instruct

Initial 11.43 63.35 66.75 7.96
GRPO 13.75 72.80 73.60 8.36
DATC 1443 +0.09 73.66+-1.59 74.86+1.43  8.41+0.09
Llama-3.1-8B-Base

Initial -28.06 0.00 0.03 2.01
SFT -8.08 4.02 1.24 491
GRPO 4.55 9.73 2.83 5.61
DATC 11.80 £0.39  12.58 +0.85 510+048 5.78+0.06
Llama-3.1-8B-Instruct

Initial -0.26 11.47 3.02 6.81
GRPO 19.61 21.61 8.41 7.13
DATC 2473 +1.04  27.08+1.25 935+0.63 7.45+0.05

4.2 Overall Performance and Training Dynamics

Table 1 compares DATC and GRPO across the two model families and two initialization settings. DATC uses
A = 4. Initial and SFT denote the original checkpoint and the Base checkpoint after lightweight SFT, respectively.
AlpacaEval reports raw win rates. Bold indicates the best result within each experimental setting.

Across the Base and Instruct settings of Qwen3-14B and Llama-3.1-8B, DATC achieves higher mean scores than the
corresponding GRPO baseline on all four evaluation metrics. For Qwen3-14B-Base, the AlpacaEval and Arena-Hard
win rates improve by 12.18 and 10.82 percentage points, respectively.

Figure 3 shows training dynamics for Llama-3.1-8B-Base after lightweight SFT. DATC’s raw RM reward trend is
above GRPO’s during most of training, with mean rewards of 14.14 and 7.72, respectively, over the final 25 rollouts.
DATC also produces shorter responses in this final window, averaging 497.9 tokens versus 605.2 for GRPO. Across
the four experimental settings above, DATC increases total GPU time by only 5.7%-9.1% relative to GRPO under
the same setting and rollout budget.

4.3 Credit Assignment Comparisons and Ablations

Table 2 compares GRPO, P2T, RED, DATC, and its ablation variants from the same Qwen3-14B-Base initialization
after lightweight SFT, with identical policy optimization settings. The ablations use DATC with A = 4 as the
reference, varying directional information, the correspondence between weights and positions, and the weight upper
bound.

Comparison with token reward attribution. RED (Li et al., 2025) redistributes response-level rewards using
differences between successive RM prefix scores, while P2T (Wu et al., 2026) uses RM input gradients to estimate
token replacement effects. DATC incorporates the current policy’s candidate-token distribution and sampled-action
update direction to estimate local reward utility. In this setting, DATC outperforms both RED and P2T on all four
evaluation metrics.

Role of direction alignment. The direction-alignment ablation (w/o direction alignment) removes the angle term
from the credit inner product, retaining only the product of the two direction norms. Relative to full DATC (A = 4),
its RM-Reward decreases to —4.02, while AlpacaEval and Arena-Hard win rates decrease to 1.53% and 1.23%,
respectively. This indicates that direction alignment is a key factor in DATC’s performance gains in this setting.

Shuffled-weight variant. The shuffled-weight variant (w/ shuffled weights) permutes DATC weights within each
response, preserving the weight set and its concentration while changing only the correspondence between weights
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Figure 3: Raw RM reward (left) and mean response length (right) for Llama-3.1-8B-Base after lightweight SFT.
Light-colored points indicate the mean for each rollout; solid lines show the trailing 25-rollout moving average.

Table 2: Method comparisons and credit assignment ablations on Qwen3-14B-Base.

Method RM-Reward T AlpacaEval T Arena-Hard+ MT-Bench 1
Initial -2.54 6.65 8.42 6.76
SFT 3.75 7.00 3.15 6.53
GRPO 10.87 37.39 28.49 7.70
P2T 10.96 36.40 29.68 7.66
RED 6.14 13.21 22.30 6.93
DATC
A=4 13.35 49.57 39.31 7.99
A=2 12.89 41.49 34.49 7.77
A=38 12.91 45.96 37.63 7.98
w/o direction alignment -4.02 1.53 1.23 2.71
w/ shuffled weights 10.73 32.62 26.99 7.51

and token positions. Relative to full DATC, AlpacaEval and Arena-Hard decrease by 16.95 and 12.32 percentage
points, respectively, and MT-Bench decreases by 0.48 points. Performance gains therefore also depend on matching
weights to specific update positions.

Allocation concentration. The weight upper bound A controls the maximum update share an individual token can
receive. Among A € {2,4, 8}, A = 4 achieves the highest mean on all four metrics.

4.4 Token-Level Weight Analysis

Figure 4 shows the actual training weights for four response excerpts. With a positive advantage, a higher weight
increases reinforcement; with a negative advantage, it increases suppression. In the positive-advantage cases, “ac-
curately” receives a very high weight when correcting “Greek Empire” to “Ancient Greece.” Likewise, “account-
able” receives a very high weight in the actionable advice “hold them accountable.” In a response that identifies a
search engine from insufficient clues, “Google” receives a higher weight, increasing suppression of that inference.
In a response that incorrectly lists tropical rainforest precipitation as “Tap water,” “water” also receives a higher
weight. Together, these cases illustrate how DATC assigns different update strengths to specific expressions within

the response-level direction of reinforcement or suppression.
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(a) More precise terminology (b) Concrete accountability

A=+1.47 - reinforce A=+1.34 - reinforce

Prompt: What legacies has the Greek Empire left? Prompt: How can companies reduce office politics?
The Greek Empire, [oF more [@ecurately Encourage leaders to model transparency and
Ancient Greece, has left a lasting legacy in accountability, and hold them @cécountable
various aspects of our world today . for their actions and decisions.

(c) An unsupported identification (d) An inappropriate category

A =-2.25 - suppress A=-1.94 - suppress

Prompt: Which search engine fits the initials P, D, A? Prompt: Which factors support Amazon wildlife?

This pattern fits the mission statement of Tap water: The Amazon Rainforest has a
the famous search engine Google . high level of precipitation,

Figure 4: DATC weights for excerpts from actual training responses. Warm orange denotes reinforcement and blue
denotes suppression; darker shades within each color indicate larger weights.

5 Conclusion

We introduce DATC, which adopts a work-based view of credit to allocate token-level advantages according to
the alignment between GRPO updates and the RM reward-improvement direction. Its KL-regularized allocation
provides a local reward gain guarantee in the surrogate model. DATC outperforms GRPO across all four settings of
two model families.
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A Derivations and Theoretical Properties

Following the derivation in the main text, this appendix explains how the end-to-end surrogate gradient yields di-
rectional credit and why credit allocation can improve the local predicted gain. We then extend these results to the
standardization and weight range used in the experiments.

A.1 End-to-End Surrogate Gradients at the Hard Response

The main text starts from the ST end-to-end loss, obtains a logit update direction, and then evaluates the GRPO
update. This section expands the surrogate derivative of that loss, proves the centering and policy gradient decom-
position in Equations (4) and (5), and explains the meaning of local reward advantages.

For the hard response y from a rollout, fix the prefix s; = (x,a<;) at each position. Let p;(0) = ma(- | s¢), with
all derivatives evaluated at 6,4. The group mean and reward normalization scale are treated as constants. Let r
be the response reward used for policy optimization. For responses scored according to Equation (B1), the length-
dependent reward terms are also constant once the response is fixed, so (r — 7) /o and R/c have the same surrogate
derivative with respect to the actor.

RM parameters ¢, including the input embedding matrix W, remain frozen during differentiation. Let £ =
(e1,...,er) be the actual input embeddings of the response tokens. The prompt input is represented by z and
remains fixed.

For a fixed sampled response, the loss in Equation (1) is

['628(0; x, y) = —R¢([IJ, Eb’)

Equation (2) returns e; in the forward pass and differentiates through the probability branch in the backward pass.
The surrogate direction for minimizing this loss is therefore —VyLe2. = Vo R. Applying the product rule along the

probability branch gives
de, = d(W py) = W dp; + (AW )pe = W dps. (AD)

The last equality uses the frozen-parameter condition dWW = 0. The input derivative retained after freezing propa-
gates changes in actor probabilities to the RM scoring function.

To simplify the following calculations, define

fo=VaRo(@ B)|__ . w=Wf (A2)

E=E

Here f; is the gradient at the actual input, and v:(b) = (f:, W}) is its coefficient along the embedding direction of
candidate token b. The chain rule gives

- ape\ "
v@R:Z(%t) W f,

t

=> v (b)Vopi(b) (A3)
t,b

= pi(b)vi(b) Vg logpy(b).
t,b

Let p1p = >, p¢(b)v¢ (D). Probability normalization implies

Zpt(b)utve log pt(b) = 11: Vg Zpt(b) =0.
b b

We can therefore subtract the same y; from every candidate-token coefficient. Define
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Cio(b) = vy(b) — e = <ft, W, — Zpt<c)wc> .Y p(D)Ci(b) = 0. (Ad)
c b
Substituting into Equation (A3) yields the policy gradient decomposition of the end-to-end surrogate gradient:
1o Ci(b
~VoR = Zm(b)#ve log p (b). (AS)

tb

p:(b) is the candidate action’s probability weight, and Cy(b) /o is the coefficient of its score gradient. Equation (A5)
is an algebraic identity at the fixed expansion point, with the same weighting structure as REINFORCE. All candidate
coefficients are obtained from the input gradient at the same hard response.

Take a first-order expansion of the RM at the actual input £. Holding all other positions fixed and substituting the
embedding of candidate token b into this linear model gives

R{"(b) = Ry (2, B) + f,| (Wy — e1). (AS2)

Here FE, e;, and f; all take their fixed values at the actual sampled response. Under this linear model, the candidate
token’s standardized advantage relative to the current policy’s average reward is

Ri0) = Sopd RS _ 1 <W,, - Zpt@WC)

g

(ASb)

Thus, Cy(b)/o is the standardized action advantage in the RM’s local linear reward model, referred to as the local
reward advantage in the main text. Its probability-weighted mean under the current policy is zero. The exactness of
Equation (AS5) concerns the identity decomposing the ST surrogate gradient, while the reward interpretation of these
advantages is determined by the local linear model in Equation (A5a).

Differentiating with respect to the logits at position ¢ along the same end-to-end path gives
~ ~ O\ |
Vi Leore=Ve,R= (1) Wh
oty

The softmax Jacobian is diag(p;) — psp, . Using the same normalization scale as the GRPO advantage yields

1~ 1. 1
gt = ;VétR =3 [diag(p:) —ptptT] Ve = P © Cy. (A6)

With p¢'d and e; fixed at the expansion point, Equation (A1) can also be obtained from the following continuous
local extension:

ec(ly) = e + W [pe(e) — p] . (A7)

It equals the hard input e; at the old policy, and its ordinary derivative is exactly the Jacobian specified by ST. Passing
these inputs to the RM defines a standardized scoring function with gradient g, at the expansion point. If this local
function is twice continuously differentiable, its finite perturbation can be written as

R¢(!E, Eloc(f + (%)) - R¢($, E
g

) _ > g/l ot +O(8¢)?). (A8)
t

The hatted increment in the main text denotes the first-order term. Equation (AS) is an identity decomposing the
specified surrogate gradient, while the expected reward J(6) under discrete generation is the overall training objec-
tive. They are connected through the policy optimization procedure in Appendix B.
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A.2 From the GRPO Direction to Token Credit

The end-to-end gradient describes the reward response across candidate tokens, whereas GRPO updates the policy
through the sampled token’s log probability. Substituting the latter into the former’s first-order expansion yields
the directional credit in the main text. We further show below how local reward advantages enter position-level
allocation through the inner product of these two directions.

At position ¢,

log pt(at) = lt.q, —log Z exp(£e,p),
b
and hence

1
(o) = B 1=y - ) (A9)

Let pi(0) = mo(as | s¢)/mora(ar | s¢). At the old policy, p; = 1, and the policy term in a neighborhood where
clipping is inactive is Ap;/T. Its logit derivative is Ak;/T. With cached weights w;, the gradient ascent step in
independent logit coordinates becomes

Substituting into the first-order term of Equation (A8) gives

—

_nA T
A(R/o)(w) = = ;wt%fj- (A11)

Setting w; = 1 recovers Equation (3) in the main text. The marginal predicted gain per unit weight is nAd;/T; d;
itself describes the rate of reward change along the sampled action’s score direction.

To substitute the action advantages from the policy gradient decomposition into directional credit, first compute the
logit gradient at position ¢ along the same computational path:

0= = > ut)Van )
b

1
- Zb: Ce(b)Ve,pe(b) (A12)

> pu(b) C®) V¢, log pe(b).

g
b

The second equality uses Cy(b) = v:(b) — ps and Y, Vg, p¢(b) = 0, and the third uses Vp = pVlogp. The
parameter gradient in Equation (AS5) and the logit gradient here express the same chain-rule differentiation in two
coordinate systems. All coefficients are evaluated at the fixed rollout point.

This expression can also be verified using Equation (A9) and the centering identity:

> p(b)Ci(b)Vy, log pe(b) =Y _ pi(b)Ci(b) [onehot (b) — py]
b b

=pt ©Cy —pe Zpt(b)ct(b)
b

=p; ©Ch.

Substitute the sum in Equation (A12) into d; = (g¢, k;) and use the inner product’s linearity under addition and
scalar multiplication:
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<Z Ub Ve, log py(b), ki >

(A13)
= Zpt(b)c "0 (9, log p8), Vi, log pu(a)

Equation (A13) explicitly connects the local reward advantages in the end-to-end gradient to directional credit. The
inner product accounts for both the angle and magnitudes of the candidate-action and sampled-action directions.
DATC then optimizes the weights using Ad;, yielding the final training coefficient Aw,. These are the two steps that
convert a reward surrogate signal into a GRPO allocation.

Combining Equations (A6) and (A9) gives

dy = — Zpt )C:(b) [1{b = a¢} — p:(b)]
1 (A14)
= Pt at Ct at Z;Dt

The squared term arises because both the reward gradient and the sampled-action direction contain probability com-
ponents. The centering identity cancels ), p;(b)C¢(b), so the squared-probability-weighted term over the full vo-
cabulary remains.

The evaluation above treats the logits at each position as independent coordinates. The actual actor changes these
coordinates through shared parameters. Let Ly = 0¢;/06. An ordinary policy gradient ascent step is

= % > wuLky

It induces the IOgit change
A(t = —— U)uLtL, ]ﬂu + 0(772) (AIS)
T Eu : u ’

with the corresponding first-order prediction of surrogate reward

e A
A(R/0) pram = 77? S w. g/ LiL] k. (A16)
u t

Shared parameters couple different positions through L;L,! . DATC uses the local logit utility in Equation (A11) to
construct token-level credit, and the local gain result in the main text pertains to this evaluation model.

A.3 KL-Based Weight Allocation and Local Gains
The signed utility Ad; measures the predicted gain at each position, while KL regularization controls how far the
learning shares deviate from original GRPO. Together, they determine a unique softmax allocation whose additional

predicted gain over the original weights at least covers its KL cost. For a fixed response’s A, d and a finite temperature
7 > 0, define

A
= T Zwtdt — %Zwt log wy, wy > 0, Zwt =T. (A17)
t t t

We use the continuous extension 0log0 = 0. The constraints make w/7T a distribution over positions, and the
regularizer satisfies
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1
T > wilogw; = Dy, (w/T || 1/T).
t

Introducing a Lagrange multiplier v, an interior stationary point satisfies

0 1
5w, F (w)+v ;wj_T :T[Adt—T(Ingt—f—l)]-i-l/:O.

Using >, wy = T gives

wt = T%;tm, 7= exp(Ad; /7). (A18)
J

To also account for feasible weights on the boundary, substitute log w; = log T' + Ad; /T — log Z, obtaining

Fr(w)=71log(Z/T) — 7Dxy (w/T || w*/T) . (A19)

Therefore, F, (w*) — F(w) > 0, with equality if and only if w = w*. Equation (A18) is the unique global optimum.

Finite utilities and a positive temperature imply w; > 0. Consequently,

. . 1 ~ A .
sign(A;) = sign(A4), T Z A = T Z wy = A. (A20)
t

t

These two properties ensure that DATC preserves the sign and mean of the response-level advantage when redis-
tributing training coefficients within a response.

The original weights 1 are feasible in Equation (A17), and their allocation KL is zero. Since F. (w*) > F,(1),

A T
72 (wi = 1)dy > =y Jwjlogw] = 7Dy (w"/T || 1/T) > 0. (A21)
t t

Multiplying by the step size > 0 and using Equation (A11) yields Equation (10) in the main text. When Ad; varies
across positions, the optimal weights are nonuniform and the difference in predicted gains is strictly positive. When
the utilities are constant, the optimal weights are 1. In particular, when A = 0, all final token-level advantages are
ZEero.

A.4 Adaptive Temperature and Weight Range

The main text uses A to specify the maximum amplification and then selects the corresponding temperature. This
section proves that such a choice is feasible and describes how to find it.

For response i, define

w* (7’) _T eXp(Aidit/T)
* > exp(Aidij /1)

M; (1) = max wi (7). (A22)

The positions with the highest utility have the largest weight at every positive temperature. Let m; = max; A;d;;.
Differentiating at any highest-utility position gives

dMl MZ(T) ’w:}(’r)
= i Z Aidy | <O0. (A23)
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When utilities are nonconstant, the bracketed term is strictly positive, so the maximum weight strictly decreases. Tied
highest-utility positions have identical weight functions, so the expression still holds. When utilities are constant or
T; = 1, all weights equal 1. Moreover,

Tli)ngo M;(1) =1.
Thus, for any A > 1, a feasible temperature exists for Equation (11). If M;(1) < A, the smallest feasible temperature
is 1. If M;(1) > X, the equation M;(7;) = A has a unique solution with 7; > 1.

Let Au; = max; A;d;; — ming A;d;;. Lower-bounding each term in the denominator gives

Mi(r) = T; exp(m; /T)

= —Zt oo (A /7) < exp(Au; /7).

Hence,

Tim = max< 1, Ay (A24)
’ log A

is a feasible upper bound.

Starting from temperature 1 and repeatedly doubling it while the constraint remains unsatisfied finds a feasible upper
endpoint and an adjacent infeasible lower endpoint. We then take the arithmetic midpoint of the two endpoints, up-
date the interval according to whether the maximum-weight constraint is satisfied, and ultimately return the feasible
endpoint. The implementation uses 40 bisection iterations and processes responses in batches. Each iteration halves
the temperature interval’s width, with the final precision determined by floating-point representation. Equation (A24)
establishes the existence of a finite feasible upper bound; the implementation finds it through doubling.

The experiments additionally require a minimum weight of at least 1/\. This extension uses the same doubling and
bisection procedure, checking both bounds when testing feasibility. Its monotonicity is proved in Appendix A.S.

Adaptive temperature converts A into a per-response KL regularization strength. For a selected and cached T,
Equation (A18) remains the unique optimum of F, and the local gain comparison in Appendix A.3 continues to
hold.

A.5 Correspondence between the Experimental Allocator and the Theory

Before allocation, the experiments standardize directional credit within each response and fix the weights of a small
number of formatting positions at 1. Both operations preserve the KL-optimal allocation structure above: centering
cancels in the softmax, scale standardization changes the effective temperature, and fixed positions restrict the set of
positions available for allocation.

Let F be the set of free positions participating in allocation, with N = |F| > 0. Within-response standardization
can be written as

~ di—d -1
-t - = — ) A2
d — d N;dt, k>0 (A25)

Here « is a response-level scale held fixed during credit computation; its numerically stable form is given in Ap-
pendix B.3. Since Ad/k is shared by all free positions,

Ad
wy = N softmax;c r <T>

Ad
= N softmax;c r ( ) , Toff = KT.

Teff

(A26)

The remaining valid response positions use w; = 1, so the full response still satisfies ) , w; = 7. Substituting
the fixed positions into Equation (A17), they contribute only constants independent of the free weights. Under
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> 1erwy = N, Equation (A26) is therefore the unique optimum at temperature 7.g. Thus, the base temperature of
1 after standardization corresponds to temperature ~ in the original credit coordinates.

The experiments increase 7 until free positions simultaneously satisfy 1/\ < w; < A. Write u; = Ac?t and
gt = w¢/N. The lowest-utility position has the minimum weight m(7), whose derivative is

dm _ m(r)

mtin U — Z qtut] > 0. (A27)
teF

dr T

Together with Equation (A23), this shows that as temperature increases, the minimum weight increases and the
maximum weight decreases, both approaching 1. A finite feasible temperature therefore also exists for the two-
sided constraints. Once the temperature is selected, Equation (A26) remains the optimum of the corresponding KL
objective; the two-sided range is enforced by choosing the regularization strength. Using 1 as a feasible reference
gives

- — NTeff

A(R/o)(w) — A(R/o)(1) >

Z wy logwy > 0. (A28)
teF

This result has the same local meaning as in the main text: it compares first-order reward increments at a fixed
response in independent logit coordinates. The correspondence to shared-parameter updates is given by Equa-
tion (A16).

When the free-position set is empty or the utilities are constant, the allocator returns the original weights 1.
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B Training Objective and Implementation

DATC computation has two stages: first compute and cache token-level advantages at sampled responses, then update
the policy using these coefficients. This organization separates RM input backpropagation from actor parameter
updates while retaining the directional credit derived from the end-to-end gradient in the main text. This appendix
provides the complete objective and allocation procedure used in the experiments. Hyperparameters are listed in
Appendix C.1.

B.1 From Response Rewards to the Policy Objective

For G responses to the same input, we first compute the raw scores R; from the frozen RM. All compared methods
use the same length-dependent reward processing, imposing a moderate cost on very short and excessively long
responses. Let L; be the number of generated tokens and o a reward scale fixed in advance for the model setting.
Then

8—L;]"
Pshort(Li):0~5o—0|: :| P
0
L;—1024 1" (BI)
Piong(Li) =200 | s >
long(Li) = 200 [20481024]0

T, = Ri - Pshort(Li) - Plong(Li)-

Here [2]§ = min(1, max(0, z)). Responses of 8 to 1024 tokens retain their raw scores. Length counts include the
generated termination token but exclude prompt and padding tokens. Empty responses and degenerate responses
containing at least 32 consecutive newlines receive the minimum reward among valid responses in the group minus
1. If the entire group is degenerate, the input group is resampled. We then compute

Fé;m, Jmax{ /é;(rif){ 0.500}, Ai:m;”", B2)

The lower bound on the scale controls advantages when rewards are very similar. The four model settings use
o9 = 3.0323 for Qwen Base, 1.2118 for Qwen Instruct, 6.2743 for Llama Base, and 5.9262 for Llama Instruct.
All methods within a setting use the same value. Directional credit is still computed from the input gradient of the
raw RM score and divided by the group scale in Equation (B2). With the sampled response and its length fixed, the
length terms in Equation (B1) are constant, so their input derivatives in the local expansion are zero.

Write Ait = A;wy. Let moq be the policy before the update and ¢ the reference policy frozen at the start of
reinforcement learning. The reference policy in the Base settings includes the lightweight SFT adapter; the Instruct
settings use the corresponding initial instruction-tuned model. The policy loss is

B T
1 &1 & _ I _
Lpoliey = — 5 > T > cie min {pitAit7 clip(pit, 1 —€,1+ G)Az‘t} :
i=1 " t=1 (B3)
mo(ait | sit)
Told (@it | Sit)

it —

The experiments generate responses with vLLM and recompute old-policy probabilities on the training backend. To
account for token-probability differences between the two execution backends, we use the cached coefficient

Told (@it | Sit)

Wsample(ait | Sit)

Cit =S¢ (B4)

This coefficient multiplies the clipped policy term from outside the clipping operation and is also used in the
reference-policy KL term. It corrects token probabilities conditional on the sampled prefix. The local direction
derivation in the main text corresponds to the policy term when sampling probabilities and old-policy probabilities
agree, in which case c¢;; = 1. The full loss uses a common nonnegative KL estimator:
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0it = log Tre (st | sit) — log (@it | sit),

1
£(9) = ‘Cpolicy + % Z ? Z Cit [eXp((sit> —1-— (5“] . (B5)
i vt

Both terms are first averaged over valid positions within each response and then over responses. During the policy
update, A;, w;¢, ¢+, old-policy probabilities, and reference probabilities are all fixed. GRPO uses the same objective
with w;; = 1, while DATC replaces these weights with those derived from directional credit.

B.2 Input Gradients, Vocabulary Reductions, and Position Correspondence

A single RM input backward pass provides f; = V., R at every position in the response. RM parameters remain
frozen, while input embeddings retain gradients. The implementation obtains f; and old-policy probabilities sepa-
rately and then computes the matrix products in the chain rule. This allows the RM computation graph to be released
before the actor update.

Although the full vocabulary is typically large, Equation (7) requires only a few reduced quantities. Let v.(b) =
(Wy, fe) and py = 3, pe(b)ve(b). Then

di = % pelar) (ve(ar) — ) — Zpt(b)%t(b) T H Zpt(b)2 : (B6)
b

b

The implementation computes v, in blocks, accumulates 1, Y, p¢(b)?v,(b), and Y, p;(b)?, and extracts the compo-
nent corresponding to the sampled token. The blocks cover the full candidate vocabulary, yielding the same reduction
as an unblocked computation. Each block processes 128 response positions and 8192 vocabulary candidates in the
experiments. Probabilities, gradient projections, and these reductions use FP32.

This step requires consistent candidate-token identities between the actor and RM. We check the token-to-ID map-
pings and special tokens of their tokenizers and map both vocabularies to shared token identities. The actor uses
its own conversational input, while the RM receives the same prompt and response in its scoring template. Corre-
spondence between response-text positions is used to extract the RM input gradient for each sampled token. Thus,
tokenizer alignment ensures consistency in candidate-token semantics, while response-position mapping accounts
for position offsets introduced by the two conversational templates.

Termination tokens, whitespace-only tokens, tokens containing newlines that reduce to periods after whitespace
removal, and valid tokens without reliable position mappings receive a fixed weight of 1. Other mapped positions
participate in credit allocation. Ordinary words and general punctuation are treated as content positions. Response
formatting therefore continues to learn with the original GRPO coefficient, while the corresponding update budget
is distributed among content positions.

B.3 Within-Response Standardization and Adaptive Temperature

Gradient scales vary across responses, so directly using a fixed temperature would make weight concentration fluc-
tuate accordingly. The experiments first standardize directional credit over the free-position set F and then use A to
control the allocation range. Let N = |F|. The implementation uses the following numerically stable form:

m=maX{rtn€a;<|dt,€fp32}, 2 = di/m,
z= iZzt S, = iZ(zt —2)2 (B7)
N b) z N k)
teF teF
(;l\t = S ] Ut = AC/l\t

5 1 1098 3, 2ol + et

Here eg;,3 is the smallest positive normal FP32 number. Dividing by m first avoids overflow when squaring. Equa-
tion (B7) is equivalent to d; = (d; — d)/r, where
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K= NZ(dtfdPJrlO SNZ\dthefpw. (B8)
teF teF

The weights at free positions are

1
= S — i > . i > — < .
we(7T) = N softmaxie r(u/7), 7; = min {7’ >1 ItIéIJI__lwt(T) 27 I)‘Snea})_cwt(r) < /\} (B9)

The experiments use A to control the maximum amplification and its reciprocal to control the minimum weight. With
A = 4 in the main experiments, weights at positions participating in allocation lie in [0.25, 4], while the mean weight
over the entire response remains 1. Appendix A.5 proves that within-response standardization can be absorbed into
the effective temperature and that the two-sided constraints preserve temperature monotonicity and the corresponding
KL optimum.

The search starts at temperature 1. Responses already satisfying the range retain that temperature. For the others, we
repeatedly double the upper endpoint and, after finding a feasible interval, perform 40 ordinary bisection iterations,
returning the feasible endpoint. Weights are set to 1 when there are no free positions, only one free position, or

constant utilities. Finally, A; = Awy is cached for the subsequent policy-update epoch.

B.4 One Training Iteration

Algorithm 1 summarizes one DATC rollout. Credit computation produces fixed token-level advantages, which are
then used to train the actor’s LoORA parameters during the policy update.

In the experiments, the actor, RM, and sampler each occupy one GPU. The actor and RM backbones use BF16, while
the actor output head and probabilities used for credit computation use FP32. Gradient checkpointing is enabled for
the actor. The additional computation is concentrated in RM input backpropagation and vocabulary reductions;
end-to-end training overhead is reported in Appendix C.3.

21



Preprint

Algorithm 1 One training iteration of DATC.

Require: Actor mg and its synchronized sampler msample; frozen RM Ry and reference policy mer; a batch of
prompts, group size GG, and weight upper bound A > 1.
Ensure: Updated actor and synchronized sampler.
1: Save the old policy mo1q < 7g.
2: for each prompt x in the batch do
3: Sample G responses; save tokens, masks, and sampling probabilities.

4: Score with I24 and process responses as in Appendix B.1.
5: Compute adjusted rewards r;, group scale o, and advantages A; using Equations (B1)-(B2).
6: for each response y; = (a;1, ..., a;r,) do
7: Recompute p;; = mo1a(- | $i¢) on the training backend.
8: Compute 7ot (a;: | 8i+) and cache correction coefficients ¢;; using Equation (B4).
9: Set w;¢ < 1 at all valid response positions.
10: Determine the free-position set F; as in Appendix B.2.
11: if | 7;| > 1 then
12: Compute f;y = Ve, Re(z,y;) with one RM input backward pass.
13: Map input gradients to response positions; compute d;; using Equation (B6).
14: Stop gradients through d;; and release the RM computation graph.
15: Standardize d;; over F; using Equation (B7); set u;; < A;d;.
16: if u;; is nonconstant over F; then
17: Find the smallest feasible 7; > 1 by bisection as in Appendix B.3.
18: Set wyy +— |F;| softmax;e F, (u; /) for t € F;.
19: end if
20: end if
21: Set Ait — Sg(Alwlt)
22: Cache A;;, ¢y, and old-policy and reference-policy probabilities of sampled tokens.
23: end for
24: end for

25: for each minibatch in one policy-update epoch do

26: Construct £(0) using cached coefficients and Equations (B3)-(B5).
27: 0 + AdamWStep(0,VyL).

28: end for

29: Synchronize the updated LoRA adapter to the sampler.
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C Experimental Setup and Supplementary Analyses

This appendix provides training configurations and evaluation details, a human evaluation protocol, and supplemen-
tary analyses of training dynamics, computational costs, and shared-parameter single-step gains.

C.1 Experimental Setup and Comparison Implementations

We construct the experimental data from HuggingFaceH4/ultrafeedback_binarized. Text normalization,
deduplication, and length filtering yield approximately 59,000 candidate training examples. SFT uses a fixed set of
2,500 instruction—response examples, and RL uses 2,000 prompts. RM-Reward evaluation uses 256 fixed prompts
from the held-out set. SFT uses the dataset’s chosen responses, while RL generates responses online from the current
policy.

We select Qwen3 and Llama 3.1 to cover different model families and pretraining and post-training backgrounds.
For each family, we evaluate both the Base model after lightweight SFT and the official Instruct model. The former
examines preference learning after basic instruction adaptation; the latter examines further optimization on top of
existing alignment capabilities. Table C1 lists the checkpoints. Qwen3-14B-Instruct in the main text refers to the
official Qwen3-14B instruction-tuned model. The two model families use Skywork-Reward-V2-Qwen3-8B (Liu
et al., 2026) and Skywork-Reward-Llama-3.1-8B-v0.2 (Liu et al., 2024), respectively. DATC requires tokenizer
alignment between the actor and RM so that candidate-token probabilities and their corresponding rows in the RM
embedding matrix have the same meaning. The implementation further aligns token IDs and response positions.

Table C1: Policy models, reward models, and initializations.

Setting Policy checkpoint Reward model checkpoint RL initialization

Qwen Base Qwen3-14B-Base Skywork-Reward-V2-Qwen3-8B After lightweight
SFT

Qwen Instruct Qwen3-14B Skywork-Reward-V2-Qwen3-8B Official
instruction-tuned
model

Llama Base Llama-3.1-8B Skywork-Reward-Llama-3.1-8B-v0.2 After lightweight
SFT

Llama Instruct ~ Llama-3.1-8B-Instruct Skywork-Reward-Llama-3.1-8B-v0.2 Official
instruction-tuned
model

Both Base models are trained on the SFT data above for 2 epochs, with a learning rate of 10~%, a maximum sequence
length of 4,096, a microbatch size of 4, 8 gradient accumulation steps, and a warmup ratio of 0.03. GRPO and DATC
for the same model start from the same SFT checkpoint. Instruct settings proceed directly to reinforcement learning.
RL processes the selected 2,000 prompts in a fixed order, 8 at a time, for 250 rollouts. Each prompt has 8 sampled
responses, and each rollout is followed by one policy update. Evaluations in the main text use the checkpoint at the
end of training.

The final evaluations measure reward under the training RM, preferences over open-ended responses, and multi-
turn response quality. RM-Reward uses 256 independent held-out prompts, with generated responses scored by
the corresponding RM, and reports the mean before length penalties. Because score scales differ across RMs, this
metric is interpreted through paired comparisons within a model family. AlpacaEval uses the dataset-provided
GPT-4 Turbo (Hurst et al., 2024) (gpt4_1106_preview) responses as references and GPT-4.1 (Hurst et al., 2024)
as the judge, reporting the raw win rate as the mean judge-assigned preference probability, following the official
AlpacaEval aggregation procedure. Arena-Hard v2.0 uses the official gpt-40-mini-2024-07-18 (Achiam et al.,
2023) responses as references and GPT-4.1 as the judge. Each pair is judged twice with the response order swapped,
and the reported win rate is weighted by outcome strength: wins, ties, and losses receive scores of 1, 0.5, and 0,
respectively, with a weight of 3 for decisive wins or losses and 1 otherwise. MT-Bench uses the official 80 two-
turn conversations. GPT-40 scores each turn on a 1-10 scale, and the final score is the equally weighted mean
of the 160 ratings. Mathematics, reasoning, and coding questions use the official GPT-4 reference responses. In
the main text, AlpacaEval and Arena-Hard win rates are reported as percentages, and differences between methods
are expressed in percentage points. RM-Reward and MT-Bench retain their respective score scales. The main
experiments compare DATC with GRPO using the same training initialization, RM, and policy optimization settings.
Supplementary comparisons on Qwen Base further distinguish the roles of credit sources, directional relationships,
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Table C2: Shared training settings.

Configuration Value

Prompts per rollout / responses per prompt 8/8

Rollouts / policy epochs per rollout 250/1

Maximum prompt / response length 2,048 /2,048 tokens

Sampling temperature / top-p / top-k 1.0/ 1.0/ 0 (full distribution)
Optimizer / learning rate / weight decay AdamW / constant 5 x 1075 /0.01
Maximum gradient norm / clipping parameter e 1.0/0.2

KL coefficient S / reference policy 0.03 / frozen initial RL policy
Update minibatch / microbatch 64 responses / 1 response

RM gradient microbatch 1 response

LoRA rank / alpha / dropout 64/128/0

LoRA modules g, k, v, o, gate, up, down projections
Backbone precision / policy output-head and probability BF16 / FP32

precision

Base allocation temperature 1

Main-experiment )\ / ablation values 4/2,4,8

and position correspondence. RED provides a reward-redistribution baseline based on prefix-score differences, while
P2T provides a token reward attribution baseline based on RM input gradients. Together, these comparisons evaluate
DATC against different approaches to RM-based token credit assignment.

DATC results in Tables 1 and 2 are reported as means over three random seeds, with standard deviations additionally
reported in Table 1.

The main experiments use 3 H200 GPUs. Policy updates use LoRA, freezing the original model weights and training
low-rank adaptation parameters. Gradient checkpointing is enabled for the actor. vLLM uses single-GPU tensor
parallelism, a maximum context length of 4,096, a maximum of 32 concurrent sequences, and a GPU memory
utilization parameter of 0.45. The training software is PyTorch 2.13.0+cul29 and Transformers 5.16.1. All methods
use the same length-dependent rewards and degenerate-response processing.

The direction-alignment ablation removes the angle term from d; = | g¢||2]/%¢||2 cos a4, replacing the directional
credit passed to the allocator with d?°"™ = ||g;||2 | k¢]|2-

After replacement, the variant retains the within-response standardization over free positions in Appendix B.3.
The standardized signal is multiplied by the response-level advantage A to form the allocation utility. It uses the
same adaptive-temperature search and two-sided weight constraints, with A = 4. Fixed positions specified in Ap-
pendix B.2 retain weight 1. This variant changes only the credit signal and preserves the subsequent allocation
procedure, testing the role of directional relationships relative to gradient magnitudes. The shuffled-weight vari-
ant permutes the resulting weights within each response. For a permutation p over the corresponding position set,
wihuffle: — wW,(y) preserves the response’s weight set, mean, and extrema while changing the update share at each
position. Its difference from full DATC directly tests the correspondence between weights and text positions. The

weight-range experiment varies A over 2, 4, and 8 to examine how the allowed update concentration affects results.

C.2 Reward and Response-Length Dynamics

Figure C1 shows raw RM reward and response length in the Qwen Base, Qwen Instruct, Llama Base, and Llama
Instruct settings. Within each setting, DATC is compared with GRPO using the same training initialization and
rollout budget. Rewards in the training plots come from online sampled inputs, whereas RM-Reward in the main
results table comes from fixed held-out prompts.

Over the final 25 rollouts, DATC achieves a higher mean raw reward than the corresponding GRPO baseline in all
four settings. For Llama Base, the final-window mean rewards are 14.14 for DATC and 7.72 for GRPO, with mean
response lengths of 497.9 and 605.2 tokens, respectively. DATC produces shorter responses in the final window
for both Base settings. Response lengths are similar for Llama Instruct, while DATC produces longer responses for
Qwen Instruct. These results show that DATC improves training reward in all four settings, with shorter responses
in both Base settings as well.
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Figure C1: Raw RM reward (left) and mean response length (right) of DATC and GRPO across the four experimental

settings. Curves show trailing 25-rollout moving averages.
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C.3 Training Overhead

We measure end-to-end cost using cumulative GPU time, defined as training wall-clock time multiplied by the
number of allocated GPUs. It includes the total cost of sampling, scoring, credit computation, and policy updates
under the same rollout budget. Figure C2 summarizes total training cost across the four settings. DATC increases
total GPU time by approximately 5.7%-9.1% over the corresponding GRPO baseline.

= GRPO === DATC(A=4)

(a) Total training cost (b) DATC vs. GRPO
32 1
o)
3
< 247 217 N
o 161 165 17.4 16.0 .5
©
S g-
<
0- T T 1 1 I 1 1 1 1
Qwen Qwen Llama Llama 0.0 2.5 5.0 7.5 10.0
Base Instruct Base Instruct

Additional GPU-time (%)

Figure C2: Cumulative GPU time to complete training (left) and DATC’s overhead relative to GRPO (right) across
the four experimental settings. End-to-end costs include sampling, scoring, credit computation, and policy updates.

Together with Table 1, these results show that DATC achieves higher mean RM-Reward, AlpacaEval, Arena-Hard,
and MT-Bench scores than the corresponding GRPO baseline in all four settings. For Qwen Base, a GPU-time
increase of approximately 5.7% accompanies AlpacaEval and Arena-Hard gains of 12.18 and 10.82 percentage
points, respectively. DATC thus delivers performance improvements across model families and initialization settings
with modest additional training cost.

C.4 Human Evaluation

To complement automatic evaluations, we compare DATC

(A = 4), GRPO, P2T, and RED on Qwen3-14B-Base us- )

ing 120 held-out prompts excluded from training and hy- Table C3: Human preference evaluation on Qwen3-
perparameter selection. We randomly assign 40 prompts ~14B-Base. Win rates are the percentages of 120 prompts
to each of the three training seeds. For each prompt, all Won by each method after tie-breaking.

methods use their final checkpoints from the assigned seed Method Win rate (%) 1
and identical decoding settings. DATC 65.00
Seven evaluators proficient in English independently se- GRPO 16.67

lect the best of the four responses, presented under anony- P2T 15.00
mous labels in randomized order, considering instruc- RED 3.33

tion following, correctness, relevance, completeness, and
clarity. The method receiving the most votes wins that
prompt. If multiple methods tie for the highest vote count, the same seven evaluators vote again among only the tied
responses, with the winner determined by the most votes. Table C3 reports the percentage of prompts won by each
method after tie-breaking.

In this four-way comparison, DATC wins 78 of the 120 prompts (65.00%), compared with 20 (16.67%) for GRPO,
18 (15.00%) for P2T, and 4 (3.33%) for RED. This result is consistent with DATC’s higher AlpacaEval and Arena-
Hard win rates in the same Qwen3-14B-Base setting. GRPO and P2T obtain similar win rates in human evaluation,
differing by only two prompts, with both outperforming RED. These results provide complementary evidence that
DATC'’s gains in automatic evaluations are accompanied by improvements in response quality as assessed by human
evaluators.
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C.5 Independent-Logit Predictions and Shared-Parameter Single-Step Gains

The local gain analysis in the main text uses a surrogate model with independent logits, whereas actual policy
updates change outputs at multiple positions through shared parameters. To examine the connection between these
two descriptions, we compare DATC’s independent-logit predicted gain over GRPO with the first-order surrogate
gain associated with an actual single-step parameter update.

Experimental setup. We use a fixed Qwen3-14B-Base SFT checkpoint and a frozen Skywork-Reward-V2-Qwen3-
8B, sampling 100 batches to obtain 100 data points. Each point corresponds to a batch of 8 prompts with 8 responses
sampled per prompt. Every batch starts from the same model parameters and initial optimizer state. DATC and
GRPO share the sampled responses, response-level advantages, and optimization settings, and each performs one
AdamW update. We use LoRA updates with a learning rate of 5 x 10~ and a gradient norm limit of 1.0. DATC
uses A = 4.

Gain measures. For a batch of B responses, the additional gain predicted by the independent-logit model is

1A A,
Xzﬁzi (wir — 1)dys, (C1)

where A;, T;, w;:, and d;; denote the response-level advantage, valid response length, DATC weight, and directional
credit, respectively. GRPO assigns a weight of 1. This quantity omits the common step-size factor.

Let 6y be the shared starting point, and let p and 65 denote the parameters after the respective updates. With
the sampled responses and their prefixes fixed, we compute the mean standardized reward gradient through the ST
surrogate path defined in the main text and define the shared-parameter first-order gain difference as
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Here, o; is the reward normalization scale determined before the update and held fixed. Both the gradient and
parameter difference are taken with respect to trainable LoRA parameters. The gradient is computed from the raw
RM score, without differentiating the length penalty. A positive P indicates that DATC’s actual parameter update
outperforms GRPO’s under this first-order surrogate evaluation. Shared-parameter coupling, AdamW, and gradient
clipping affect P. We use the correlation between X and P to assess how well the independent-logit prediction
indicates shared-parameter update gains.

Results and discussion. As shown in Figure C3, across the 100 data points, X and P have a Spearman correlation
of 0.619 and a Pearson correlation of 0.589, with R? = 0.347 for a linear fit with an intercept. All points satisfy
X > 0and P > 0. Thus, under the model initialization and single-step update setting studied here, DATC achieves
higher shared-parameter first-order surrogate gains than GRPO in every batch. Larger independent-logit predicted
gains also tend to correspond to larger shared-parameter first-order gains, supporting the use of directional credit to
identify more beneficial update allocations in shared-parameter optimization.
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Figure C3: Relationship between independent-logit predicted gain X and shared-parameter single-step first-order
gain P. Each point represents a within-batch DATC—GRPO comparison from the same SFT starting point, for a total
of 100 data points. The light-colored solid line is a linear fit with an intercept.

D Limitations & Future Work

DATC targets preference optimization with differentiable reward models. Computing directional credit requires
access to RM input gradients and aligned vocabularies between the actor and RM. Future work could explore token-
or sequence-alignment mechanisms across tokenizers, as well as gradient estimation for evaluators that provide only
scores, to broaden the applicability of directional credit and evaluate how these approximations affect credit quality
and computational cost.

Our experiments use LoRA to study general preference alignment under Base and Instruct initializations in two
model families. Future evaluations could extend to full-parameter training, a wider range of model scales, and tasks
with specialized reward models, such as mathematical reasoning and code generation, to examine the applicability
of directional credit across training regimes and reward structures.
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